In this article we study the behaviour of semistable principal G-bundles over a smooth projective variety X under the extension of structure groups in positive characteristic. We extend some results of ) on rationality of instability flags and show that the associated vector bundles via representations of G are not too unstable. And the this instability can be bounded by a constant independent of the semistable bundles. As a consequence of this the boundedness of the set of isomorphism classes of Gbundles with fix degree and Chern classes is proven.
Introduction
Let G be a connected reductive algebraic group over an algebraically closed field k of arbitrary characteristic. Let X be a smooth projective variety over k with a polarization H. In this paper we address the question of what happens to semistability of principal G-bundles under the extension of structure groups. Recall the definition of a rational G-bundle E as a principal G-bundle over a big open subscheme. A rational G-bundle E over X is semistable with respect to the polarization H if for any reduction to a parabolic subgroup of G over any big open set (whose complement is of codimension 2), the line bundle associated to any dominant character on P has degree ≤ 0. One notes that restriction of torsion free sheaves to suitable open sets define rational GL n bundles and in this case the definition of semistability coincides. Let ρ : G −→ GL(V ) be a representation of G on a vector space V . For any rational G-bundle E there is an associated rational vector bundle E(V ). We prove the following theorem. Theorem 1.1 Let ρ : G → GL n be a representation which sends the connected component of the center of G to that of GL n Then there exists constants C(X , ρ) such that for each rational semistable G-bundle E over X we have µ max (ρ * (E)) − µ min (ρ * (E)) ≤ C X,ρ
The main point is that the constant C(X , ρ) is independent of the chosen bundle E. When the characteristic of the field is zero then it is proved in [19] that the bundle ρ * (E) is semistable. If the characteristic of the field is a prime p which is sufficiently large (quantified by the height of the representation) then the fact that ρ * (E) is semistable is proved in [14] . We briefly describe the proof. Let E(G) be the group scheme associated to E and E(G) 0 be the group scheme at the generic point of X. Let P be a maximal parabolic subgroup of GL n and let σ be a rational reduction of structure group of E(GL n ). There is an action of E(G) 0 on the smooth projective variety E(GL n /P ) 0 over K(X) which is linearized by a line bundle and restriction gives a K(X) valued point σ 0 of E(GL n /P ) 0 . We prove that there exists an integer n depending only on G and ρ such that if σ 0 is not semistable then its instability parabolic is defined over K(X) p −n . It is known that if σ 0 is a semistable point then the reduction σ does not violate the semistability of E(GL n ). Using this, and some geometric invariant theory arguments we reduce the problem to the case bounding instability of Frobenius pull backs. And the main theorem would follow from the following theorem.
Theorem 1.2
There exists a constant C X,G and a constant N G such that for any rational G-bundle E we have
In the case of vector bundles, this result was proved by X. Sun (see [22] ), for the case of curves, and Shephard-Barron (see [21] , Proposition 2.1) in general. We use the Theorem 1.1 for groups of lower semisimple rank to prove the Theorem 1.2 and then both the above results are simultaneously proved by induction of the semisimple rank of the groups. Let c i ∈ A * (X) for i = 1 . . . n be elements with n > 0. Let S b (n ; c 1 . . . , c n ) be the set of isomorphism classes of torsion free sheaves V of rank n and c i (V ) = c i satisfying µ max (V ) − µ min (V ) ≤ b. Let c i ∈ A i (X) for 2 ≤ i ≤ dim(G) be fixed. We also fix a homomorphism d ∈ Hom(X (G) , A 1 (X)). Here A k (X)'s are the Chow groups and X (G) is the group of characters. In the last section we use the above results to show the following result on boundedness of semistable G-bundles. In characteristic 0, the boundedness of the set S b (n ; c 1 , . . . , c n ) is well known (see [10] for example). In the case of positive characteristic, for surfaces this is due to Maruyama [15] . For higher dimensional varieties this is recently claimed by Langer [13] . When X is a smooth projective curve in characteristic 0, the boundedness of the semistable G-bundles with fixed degree is due to Ramanathan [18] . In the case of positive characteristic it is proved in [9] .
Basic definitions and notations
In this section we recall and prove some basic facts about principal G bundles over varieties. Let k be an algebraically closed field. Let G be a connected reductive algebraic group over k. Let T be a maximal torus and B a Borel subgroup containing T . Let U be the unipotent radical of B. Then B is a semi-direct product U · T . We denote by X * (T ) be the group of 1-parameter subgroups of T (denote by 1-PS). X * (T ) denotes the group of characters of T . We have a perfect pairing X * (T ) ⊗ X * (T ) −→ Z which will be denoted by (· , ·). Let Φ ⊂ X * (T ) be the set of roots of G, Φ + be the set of positive roots and ∆ be the set of simple roots corresponding to B. For any α ∈ Φ, let T α be the connected component of ker(α) and Z α the centralizer of T α in G. Then the derived group [Z α , Z α ] is of rank one and there is a unique 1-PSα :
Thisα is the coroot corresponding to α. We denote byΦ the set of coroots. The quadruple {X * (T ), Φ, X * (T ),Φ} defines a root system. For each α ∈ ∆ we have the fundamental dominant weight w α ∈ X * (T ) ⊗ Q defined by (β, w α ) = δ α,β for β ∈ ∆ and (γ, w α ) = 0 for any 1-parameter group in the connected component of the center of G. Let P be a parabolic subgroup of G containing B. Let R u (P ) be its unipotent radical. Then there is a subset Π ⊂ ∆ such that P = P Π . Let Z Π = (∩ α∈∆−Π kerα) 0 be the connected component of the intersection of the kernels of the roots in ∆ − Π. Then we have a Levi decomposition P = R u P · L such that L is Levi subgroup containing T defined to be the centralizer of Z Π . We will fix such a splitting i : L −→ P . Let X be a smooth projective variety over k of dimension n. Let H be a fixed polarization on X. Since any line bundle L over a big open subscheme U (whose complement is of codimension 2) then admits a unique extension to all of X, its first Chern class makes sense. Recall the definition of the degree of the line bundle to be deg(L) = c 1 (L) · H n − 1 . Hence for any torsion free sheaf its first Chern class and the degree with respect to H makes sense. Recall the definition of a rational G-bundle E as a principal G-bundle over a big open subscheme. Then for G = GL n this defines a vector bundle over a big open set. We will call them rational vector bundles. For a rational G-bundle π : E −→ U ⊂ X with U a big open set, recall the definition of a rational reduction of structure group σ of E to P . By this we mean a reduction of structure group over a big open subset U ′ ⊂ U. This is equivalent to giving a pair (E σ , φ) with E σ a P -bundle over U ′ and an isomorphism φ : E σ (G) −→ E| U ′ . Equivalently a reduction of structure group is a section σ of the fiber bundle π : E/P −→ U over the open subset U ′ . Here E/P denotes the extended rational fiber bundle E(G/P ) over X. Let T π be the tangent bundle along the fibers of the map π. Then T π is a rational vector bundle. For a reduction of structure group σ we will denote by T σ the rational vector bundle defined by the pull back of T π under σ. We will also fix notations for the Lie algebras by putting g, p, m, u for Lie algebras of G, P , L and R u P respectively. Then we see that T σ is the rational vector bundle on X associated to E σ for the representation of P on g/p.
Recall the following definition of semistability from Ramanan-Ramanathan [19] . A rational G-bundle E −→ U ⊂ X, with U a big open set is semistable with respect to polarization H if for any reduction to a parabolic subgroup of E over any big open set U ′ , the line bundle associated to the dominant character on P has degree ≤ 0. This definition is equivalent to the fact that deg(T σ ) > 0 for each rational reduction of structure group to parabolic subgroups. If V is a torsion free sheaf then over a big open set U the restriction V | U is a vector bundle. The above definition of semistability is equivalent to the µ semistability of V . If the rational G-bundle is not semistable there is a notion of the Harder Narasimhan reduction which we recall here. For a rational G-bundle E which is not semistable we define
where the minimum is taken over all parabolic subgroups P and rational reductions σ. If the rational G-bundle is semistable then we say its instability degree is 0. The following lemma is an analogue of Lemma 2.1 of [9] for the higher dimensional varieties. which show that the instability degree makes sense Lemma 2.1 There exists a constant A E such that for any rational reduction σ of E to a parabolic P we have deg(T σ ) > A E Proof It is enough to show that the degree of the rational vector subbundle ad(E σ ) ⊂ ad(E) is bounded above. We can first extend the bundle adE to get a torsion free sheaf E. Then we can extend ad(E σ ) inside E to obtain a torsion free subsheaf. There exists a constant A ′ E such that for any curve C in the class |H n−1 |, we have a bound
Let g be the maximum of the genus of the smooth curves in |H n−1 |. Now if C is a smooth projective curve which sits in the domain of definition of ad(E σ ) and adE then we get deg(E σ ) ≤ A ′ E + (g − 1) · rank(ad(E)). This proves the lemma. One calls a rational reduction of structure group σ a Harder-Narasimhan reduction to P if deg(T σ ) = Ideg(E) and P is maximal among parabolic subgroups of G containing B for which the above equality holds.
The Harder-Narasimhan reductions as defined above satisfy the following properties stated in Ramanathan [20] for a canonical reduction (see [4] for the proof).
1. If L is the Levi factor of P , then the principal L-bundle E P × P L obtained by extending the structure group is semistable; 2. After fixing a Borel subgroup B ⊂ P of G, For any nontrivial character χ of P which is a nonnegative linear combination of simple roots, the associated rational line bundle χ * ((E σ )) over X is of positive degree.
It is proved in Behrend [3] that over a smooth projective curve there is a unique canonical reduction to a parabolic subgroup containing B. In the case when X is higher dimensional the uniqueness is known only when the characteristic of the field is 0 or it is a large prime p. We will not have the occasion to use the uniqueness of canonical reduction. We will only use its existence. For the case G = GL n the canonical reduction and Harder-Narasimhan reductions coincide. Hence there is a unique Harder-Narasimhan reduction. In this case we have the following lemma which compares the instability degree with the µ max − µ min of the rational vector bundle.
Lemma 2.2 Let E be a rational principal GL n bundle of rank r over X which is not semistable and let V be its associated rational vector bundle. Then we have the following.
Proof For the proof one first notices that if F ⊂ V is a rational subbundle of rank r 1 and F 1 is the quotient, then it defines a rational reduction of structure group σ of E to a maximal parabolic P 1 . One further has an isomorphism of rational bundles
This inequality can also be written by eliminating
Now if we take F to be the rational subbundle which is maximal destabilizing then we have
. Combining these we finish the proof of the lemma 2.2.
Rationality of instability flags
In this section we prove the existence of canonical parabolic over a fixed purely inseparable extension over non-algebraically closed fields K.
Let K be an arbitrary field and K s and K be its separable closure and the algebraic closure respectively. Let G be a reductive group over K. Let M be a projective K scheme and L be an ample line bundle over M. We consider the action of G on M which is linearized on the line bundle L. Let m be a non-semistable K valued point of M. Let P (m) be the instability parabolic defined over K. Recall from [19] that if P (m) is defined over K s then the parabolic P (m) is already defined over K. Also recall that they prove that if the action of G is strongly separable at m then the parabolic P (m) is already defined over K. We follow their arguments without the assumption of strong separability. For this we first prove an algebraic result which is crucially used in the proof of our result. For this part we will assume that the base field K is algebraically closed. Let G be a reductive algebraic group over K. Let H be a subgroup scheme of G and let H red be the reduced subgroup of H. We define the Frobenius index of H as the smallest integer m for which H ⊂ (F m ) * H red . Suppose G acts on a smooth variety X. For any x ∈ X we define the Frobenius index fi(x) of x to be the Frobenius index of the isotropy subgroup scheme G x at x. We define the radical index Ri(A) of an affine algebra A over K to be the smallest integer n such that for any f ∈ Rad(A) we have f n = 0. For an affine morphism f : Y −→ X of finite type K scheme we define the radical index Ri(x) of a point x ∈ X to be Ri(Y x ) where Y x is the fiber of f at the point x ∈ X.
The main technical result that we will be using is the following.
Proposition 3.1 There exists an
Proof Consider the map G × X −→ X × X defined by (ρ , pr 2 ) where ρ is the action map and pr 2 is the second projection map. Let ∆ X be the diagonal map X −→ X × X. Let H = (G × X) × X×X X. Then we have a natural projection map π : H −→ X which has the property that for any x ∈ X the fiber of the map π at x is the isotropy subscheme at X. Let U be an affine open subscheme of X. Let π −1 (U) ⊂ H be its inverse image. Then we see that the map π
Since ∆ X and the inclusion U ֒→ X are affine maps hence we conclude that π −1 (U) −→ G × U is an affine morphism. This proves that π −1 (U) is affine and hence π is an affine morphism.
Hence the Proposition 3.1 reduces to proving the following Proposition 3.2 Let f : Y −→ X be a morphism of finite type affine schemes over K. Then there exists an integer n such that Ri(x) ≤ n for each x ∈ X.
Proof The proof of this proposition is a series of reductions from the case of arbitrary X and Y to very specific ones using the induction on the dimension of X.
Let X = Spec(A) and Y = Spec(B) and i be the homomorphism A −→ B. For any prime ideal p ∈ A we write Ri(p , B) for the radical index of B/p. First we may assume that A is integral. We use induction on the dim(A). Hence it is enough to show that for some f ∈ A there is an integer n such that Ri(m, B f ) ≤ n for each maximal ideal m ∈ Spec(A f ). Now we make some reductions on B. We may assume that B is reduced. For this if m is a maximal ideal of A then we can check that
Next we may assume that B is irreducible. Let p i , for i = 1 . . . m, be the set of minimal prime ideals in B. Let m be a maximal ideal in A. We will show that
Ri(m , B/p) For this one observes that if x ∈ Rad(mB) then the image of x in each of B/p i lies in Rad(m(B/p i )). Hence we conclude that if n = Max
Hence we can write x n = y i + z i such that y i ∈ p i and z i ∈ mB. Since B is reduced we conclude that Π m i=1 (x n −z i ) = Πy i = 0. Hence we have x nm ∈ mB. This proves the assertion.
Hence from now on we may assume that A and B are integral domains. Now we reduce this problem to an open subscheme of Y . Let b ∈ B. Then there exists an element a ∈ A such that (B/bB) a is flat over A a . Hence it follows that for any maximal ideal m in A a we have Tor
Consider the map B a −→ B ab . We will show that Ri(m , B a ) ≤ Ri(m , B ab ). If x ∈ B is such that some power of it lies in B a /mB a then the image of x also has the same property over B ab . Then by clearing denominators we see that if r = Ri(m , B ab ) then there is an m such that f m x r ∈ mB a . Now using the exact sequence
/mB a with the last map being multiplication by b, we conclude, by the vanishing of the Tor
Hence we may assume that we need to bound radical index only over some open sets of the type B b . Now we use Noether Normalization (and inverting an element of A) to get an inclu-
Hence there is an integer n such that for any x ∈ K B , we have x p n ∈ L.
Let C = B ∩ L. Then we observe that B is integral over C and hence C is a finitely generated A algebra. Also for any x ∈ B, x p n ∈ C. Again by localizing A at an element we can assume that the A module B/C is flat over A and hence for any m in A we have Tor Hence the problem reduces to proving the proposition for the case when A ֒→ B is an extension of finitely generated domains such that the function field extension is separable. And further it is enough to prove the result for the case A ֒→ B b for some b ∈ B.
We may now assume that A and B are smooth domains. Hence we conclude that there exist b ∈ B such that the morphism Spec(B a ) −→ Spec(A) is smooth. This implies that the fibers here are reduced and hence the proposition follows in this case for n = 0. This completes the proof of the proposition 3.2.
We have already noted that the Proposition 3.2 implies the Proposition 3.1. Now let f : Y −→ X be a morphism of finite type K schemes. In this general setting we define the radical index of the closed point x ∈ X by Ri(x) = Ri(Y x ). Here Y x is the fiber at x. Let T be a finite type scheme over K. Let N be its radical ideal sheaf. This has the property that for any point if X the stalk of N is the radical of the local ring. We say that T has radical index ≤ n if for any open subset U ⊂ T and g ∈ Γ(U , N ) we have g n = 0 ∈ Γ(U , N n ). In this case we have the following result which generalizes Proposition 3.2 and this will also be used in the proof of main theorem. 
Hence the result would follow if we show that for any K algebra B and an element b ∈ B we have Ri(B b ) ≤ Ri(B). The last statement is a straight forward verification. This completes the proof of Proposition 3.3. Now we get back to the case when K is not algebraically closed (in fact K will be the function field of the smooth projective variety X). In this case the radical index of a finite type scheme T over K is defined to be the radical index of the scheme T = T ⊗ K K Proposition 3.4 There exists an integer N such that for any K rational point m of M which is not semistable, the instability flag P (m) is defined over K p −N .
Proof Note that it is enough to show that there exists an N such that the instability flag for any non-semistable K s rational point of M is defined over K
. This is because the instability parabolic is invariant under the Galois group and hence will descent to the ground field K. This enables us to assume that all our objects are defined over the field K s . Henceforth we will assume this. Let m be a K s valued point of M which is not semistable for the action of G on M.
Let O(m) be the (reduced) orbit of G at m. Let P (m) be its instability parabolic over K. We can find a g ∈ G such that g P (m) g −1 = P is defined over K s (see [6] ). If x m = g.m then P = P (x m ) is the instability flag of x m . Ramanan and Ramanathan prove (in Lemma 2.4, [19] ) that there exists a K ssubscheme M(P ) m of the K s -scheme O(m) whose K-rational points are precisely those which have P (x m ) as their instability flag. They further show that when the G action on m is strongly separable then M(P ) m is absolutely reduced. This allows one to find a K s rational point of M(P ) m , hence proving that P (m) is defined over K s . We estimate the non-reducedness of the scheme M(P ) m independent of m and prove that the parabolic P (m) is defined over a fixed purely inseparable extension of K s for all m. We briefly recall the construction of the scheme M(P ) m . Since we are working over K s we have a instability 1-PS λ m inside a fixed maximal torus T ⊂ P (m). We have M ⊂ P(V ) where
Note that we have made a choice of x m and this choice fixes the one parameter subgroup λ and hence the point x m determines the vector subspace V j ⊂ V . We will show that there exists a positive integer N 2 such that for any non-semistable point m ∈ M the radical index Ri(M(P ) m ) ≤ N 2 . The basic idea of the proof is to prove that the spaces M(P ) m occurs as suitable subschemes of the fibers of a fixed morphism Y −→ X and then apply Proposition 3.3 to bound the radical index. For this analysis we may assume that we are working over the algebraic closure of K. Consider the map ρ : G×P(V ) −→ P(V )×P(V ) defined by ρ = (ρ , pr 2 ), where ρ is the action map and pr 2 is the second projection. Let Y be the schematic image of ρ. In this case Y gets the reduced induced scheme structure from the product and its points are the closure of the image of the map ρ. We have the map h : Y −→ P(V ) which is the composition of the inclusion map to P(V ) × P(V ) with the second projection. Let Y x be the fiber of h at a point x ∈ P(V ). One observes that Y x contains the orbit O(x) of x. Now for any integral subscheme Z ∈ P(V ) we have the restriction of the map ρ which we denote by ρ Z from G × Z −→ P(V ) × Z. Let Y Z be its schematic image. We again get the induced map h Z : Y Z −→ Z and we denote by Y Z x the fiber of the surjective map h Z at x ∈ Z.
Note that since Z is reduced we have an open subscheme U 1 ⊂ Z where the map h Z is flat. One also observes that the schematic image of ρ
. Hence we can restrict the setup to U 1 .
Since the image set
is flat, hence if we define U = U ′ ∩ U 1 and restrict the whole setup to U, we see that the image set Z = ρ Z (G × U) contains an open subset U ′ ⊂ Y U which maps surjectively onto U. Now we can further translate the open set U ′ by an element of g which acts on the first factor to obtain that Z is open in Y U . The upshot of this analysis is that for any subvariety Z ⊂ P(V ) we can find an open subscheme U ⊂ Z such that we can define a reduced sub scheme Z U of Y U whose points are exactly the image of the map ρ U . This also has the property that the fiber Z U x at x ∈ U can be identified (using the first projection map) with a locally closed subscheme (with the same name) such that O(x) = (Z U x ) red . Let 0 < l < r be an integer. Let Gr l (V ) be the Grassmannian of l-dimensional planes in P(V ). We have a universal subscheme i : H l ⊂ Gr l (V ) × P(V ). This has the property that for each y ∈ Gr l (V ) the inverse image (H l ) y = i −1 ({y} ×P(V )) ⊂ P(V ) is P(W y ), where W y is the l dimensional subspace of V associated to the point y. Now we consider the relative version of the setup to get a suitable intersection of the orbits with projective subspaces of P(V ). Let ρ
Inside Gr l (V ) × P(V ) × U we have two subschemes namely Gr l (V ) × Z U and H l × U. Let Y be the scheme theoretic intersection of these schemes. We further have a map f : Y −→ X = Gr l (V ) × U which is obtained by composing the inclusion map with the product of the first and the last projection map. The map f has the property that for any x ∈ U and y ∈ Gr l (V ), M ′ y,x = f −1 (y , x) is the scheme theoretic intersection Z Hence we conclude that for each (y , x) ∈ Gr l (V ) × U, we have Ri(P(W y ) ∩ O(x)) ≤ n. Now we take Z = P(V ) and obtain an open subscheme U with a bound n for the radical index of P(W y ) ∩ O(x) for every x ∈ U and y ∈ Gr l (V ). Then take the complement of U in P(V ) and so by induction there exists an integer n l such that Ri(P(W y ) ∩ O(x)) ≤ n l for each y ∈ Gr l (V ) and x ∈ P(V ). We choose N 2 = Max r l=1 {n l }. Then the scheme M(P ) xm occurs as one such M y,x for some y ∈ Gr l (V ) for some l and x = x m . This proves that for all choices of x m for m we have Ri(M(P ) xm ) ≤ N 2 . As a next step in the proof of the Proposition 3.4 we show that the K s scheme M(P ) m admits a K p −N 2 s rational point. For this we can first find an affine open subscheme U m of M(P ) m which is defined over K s . As the radical index of U m is ≤ N 2 , the existence of rational points on U m follows from the Proposition below. and by A the K s defined by A ⊗ Ks K s . Since the radical Rad(A) ⊗ Ks K s ⊂ Rad(A) we may assume that A is reduced. We show that the natural inclusion
is an isomorphism. This will prove that the K p −n s algebra A n /Rad(A n ) is absolutely reduced and hence will admit a K 
This proves the observation.
Since radical index of A is n we have f p n = 0 and this gives us 0 = f ). Now it follows from Proposition 3.1 that the scheme Y is an finite type affine scheme over S whose radical index is ≤ N 1 . Hence by lemma 3.5 we conclude that Y admits a K p −N s rational point. This proves the existence of an element h.
Hence we conclude that the instability parabolic P (z) for z coincides with P = P (x m ) and hence is defined over K s . Since P (m) = h P (z) h −1 we conclude that the instability parabolic P (m) for m is defined over K 
The proof of the main Theorems
In this Section we will prove the main Theorems 1.1 and 1.2 stated in the introduction. The basic strategy of the proof is to assume 1.1 for the case of lower rank bundles and prove 1.2. Finally prove the Theorem 1.1 using 1.2 and the Proposition 3.4. Proof of Theorem 1.2 (assuming Theorem 1.1 for lower rank groups) In G we fix the Borel subgroup B and a maximal torus T ⊂ B. We also fix all the root datum. Let ∆ denote the set of simple roots. Let Q α be the maximal parabolic subgroup of G containing B corresponding to the simple root α ∈ ∆. We will denote by q α and g the lie algebras of Q α and G respectively. Let P be a parabolic subgroup of G containing B. Let L be its Levi quotient. We will use the following lemma which is proved in Biswas-Gomez (see proof of Theorem 4.1, in page 11, [5] ) . Let Π be the subset of simple roots defined by the property that α ∈ Π if and only if P ⊂ Q α . For an α ∈ Π, let χ α 0 be the character of P which is defined by the representation of P on g/q α . One observes that χ α 0 also has the property that its restriction to the maximal torus is a non-positive linear combination of simple roots with the coefficients of α being negative. Let χ P be the character of P defined by the representation of P on g/p.
Let T be the finite set Π α∈Π [0 , a α ). Choose an element z ∈ T . The Lemma 4.1 and the observation above imply that there exists positive integers n(z) and m α (z) for each α ∈ Π with the property that the restriction of the character n(z)χ P − α∈P i m α (z)χ α zα to the maximal torus T is a linear combination of simple roots β ∈ ∆ − Π. This automatically implies that
We will also define the constant N P by
Lemma 4.1 also implies that representation ρ 
where the maximum is taken over all α ∈ Π and 1 ≤ j < a α . We also define the constant M P by setting M P = Max α∈π,j {dim(W α j )} Note that the constants N P , M P and C P depend on the parabolic P and since there are only finitely many choices of parabolic subgroups containing B, we will define the constant N ( respectively M and C) to be the maximum of each N P (respectively M P and C P ) over parabolics P containing the Borel subgroup B. Now we take a rational G-bundle E over X. Let Ideg(E) be its instability degree. Let (P ′ , σ ′ ) be a Harder-Narasimhan reduction. One notes here that the reduction σ ′ satisfies the properties for the canonical reduction.
Let F = F * (E) be the Frobenius pull-back of E. let σ be its Harder-Narasimhan reduction to a parabolic P containing B. We will denote by F σ the P -bundle defined by σ and T σ the tangent bundle along the fibers of X. We will denote by F σ,L the L bundle obtained by extension of F σ to L. We need to bound the slopes of T σ in terms of the slopes of T σ ′ . For each α ∈ Π, we have an inclusion P ∈ Q α . This gives rise to a reduction σ α of F to Q α and we will denote by F σα the Q α bundle determined by this reduction. Now we have representations of P in g/q α and also the representations ρ α j for 1 ≤ j < a α . These give rise to a vector bundle T σα and a filtration F σ (V α j ) of T σα with the property that successive quotients are isomorphic to F σ,L (W α j ). Now the bundle F admits a p-connection ∇ with the property that for any parabolic Q and a reduction τ of F to Q there is a second fundamental form, which is a map ∇ τ : T X −→ T τ of vector bundles, such that ∇ τ = 0 if and only if there is a reduction
What we apply this to the reduction σ α to get the map of vector bundles ∇ σα : T X −→ T σα . Now we consider the case when this map is zero. Then there is a reduction σ of E to Q α such that σ α = F * ( σ). This has the effect that deg(T σα ) = p · deg(T σ ). Hence we have the inequality
Now suppose that map ∇ σα is not zero. Then there is a j such that its image is contained in F σ (V α j ) and not in F σ (V α j−1 ). Hence we get a non-trivial map
. This combined with Equation 3 and the fact that C X − C has to be negative implies that
Further the right hand side in the inequalities (4) and (5), as they are negative, summed up to get a common right hand side, namely p · Ideg(E) + (C X − C) · M Hence for any α ∈ Π either the inequality (4) holds or the inequality (5) holds for some choice of j. This implies that if we vary α ∈ Π we obtain an element z ∈ T . Hence for the element z using the formula (1) we get
This completes the proof of Theorem 1.2.
Corollary 4.2
The above theorem and an induction also proves that for E we have constants C and N independent of E such that Ideg((
Proof of the Theorem 1.1 For this we recall some facts from [19] . We fix a Borel subgroup B 1 of GL n . For a parabolic P 1 of GL n containing B 1 , we have an action of G on M P 1 = GL n /P 1 . Now for parabolic P 1 we fix a representation GL n −→ GL(V P 1 ) such that it defines an embedding of GL n /P 1 ⊂ P(V P 1 ) with the property that the character of P 1 on V P 1 is a negative multiple m P 1 of the character of P 1 associated to the restriction of the adjoint representation of P 1 on the vector space gl n /p 1 . The line bundle O(−1) on P(V P 1 ) when restricted to GL n /P 1 defines an anti ample line bundle L −1 P 1 . Let s = Max {m P 1 } where the maximum is taken over the maximal parabolic subgroups containing B 1 . Now for a rational G-bundle E over X we have a rational fiber bundle E(M P 1 ) and the line bundle O(−1) gives a rational line bundle L −1 P 1 . The semistability of E ′ is equivalent to showing that for each P 1 and a rational reduction σ of
Let x 0 be the generic point of X. We will denote by G = E(G) 0 the group scheme over K associated to E at the generic point x 0 . Then we have an action of G on E(M P 1 ) 0 which is linearized with respect to the line bundle E(L P 1 ) 0 over K(X).
A rational reduction σ of E ′ to P 1 gives a K(X)-rational point σ(x 0 ) of E(M P 1 ) 0 . If this point is semistable then by Proposition (3.10) of ( [19] ), we have
Let E 0 be the principal G-bundle over K obtained by restriction of E to the generic point of X. One observes that bundle becomes trivial over a finite separable extension of K. Hence we see that when we change the base to K s , the separable closure of K, we get an isomorphism f :
This isomorphism now canonically extends to give an isomorphism of
and also of the ample line bundles L P 1 of these spaces.
Now we have an action of
Hence by Proposition 3.4, it follows that there is a positive integer N such that for any non-semistable point m of M P 1 ⊗ k K s the instability is defined over K p −N s . Moreover by Proposition 2.17 p. 64 of [17] there exists a constant B G such that for every point m ∈ M P 1 ⊗ k K and λ ∈ X ⊗ Q we have
This implies the group scheme E(M P 1 ) 0 ⊗ K K s also has the same property. Now the Galois descent argument implies that instability parabolic of a K valued point E(M P 1 ) 0 is defined over the field extension K p −N , with N being independent of the rational G-bundle E and the reduction σ. Now following the proof of the Theorem (3.23) of ( [19] ), pulling back by the Nth Frobenius morphism F N of X, the action of the generic fibre (
The parabolic subgroup P ′ 0 defines a a rational reduction of the structure group σ of (F N ) * E to a parabolic subgroup P ′ ⊂ G with P
, hence by Remark (1.7 (ii)) of ( [19] ) there exists a 1-PS defined over K p −N s and therefore, being invariant by the Galois group, this 1-PS is defined over
We imitate the proof of Proposition (3.13) of ( [19] ) (without the semistability assumption on (F N ) * (E)) using the line bundle (F N ) * (E(L)) and we obtain that there is an integer m and a dominant character χ of P ′ such that the following inequality holds
In order to obtain our result we need to have a more explicit construction of the integer m and the character χ (defined only up to a scalar multiple). For this part, we follow the proof of the Proposition 1.12 of [19] . Now the Weyl group invariant scalar product ( , ) on X * (T ) ⊗ Q induces a scalar product on X * (T ) ⊗ Q. The following lemma is an elementary calculation.
Here w α are the fundamental weights of G. Let Π ⊂ ∆ be the subset defining the parabolic P ′ . Let Q α be the maximal parabolic subgroup of G containing P ′ defined by α. Let χ α be the dominant character of Q α defined by the representation g/q α . There is a positive integer m α such that we have
The proof of the Proposition 1.12 (and the Remarks 1.11 (c) and (d)) in [19] implies that the character χ and the integer m can be related by the following.
Lemma 4.4
There is a character χ ′ of the maximal torus T such that the following holds.
2. χ ′ = m ν( σ N , λ) λ l λ , where l λ is the dual of λ.
The above equality can be rewritten as χ ′ = m ν( σ N , λ)l a where a ∈ X * (T ) ⊗ Q is the element in the unit sphere defined by a = λ/ λ . Now one notes that under the scalar product we have l λ = 1. Since l λ is trivial on the center of G, the Lemma 4.3 implies that l a = α∈∆ r α w α with |r α | ≤ A G . Now restricting the above equality and using (1) of Lemma 4.4, we get
This implies that the character
Now using the fact that deg(L χα ) ≥ Ideg((F N ) * E) and combining it with the inequality (6) we obtain
Now this along with (7) implies that there exists a constant C ′ G depending only on
. Now the have a degT σ ≥ C ′ G /(s p N )Ideg((F N ) * E) for every rational reduction σ of E ′ to P 1 .
This implies that we have a constant C(G , ρ) such that
Now by Corollary 4.2 we are through with the proof of the Theorem 1.1.
Remark 4.5
The proof also shows that there are constants C and C ′ such that for any rational G-bundle E over X we have
Boundedness of semistable bundles
In this section we prove the boundedness of semistable G-bundles on X under the assumption stated in the introduction. From now on we work on the G-bundles on X and not the rational ones. We now define the degree of a principal bundle E over X. Let X (G) be the group of characters of G. Let a = dim(G). Let A k (X) be the k-th Chow group. To a principal G Recall the definition of the degree d E ∈ Hom(X (G) , A 1 (X)) of a principal G bundle E from the introduction. We fix a collection of elements c i ∈ A i (X) for 2 ≤ i ≤ a and also we fix an element d ∈ Hom(X (G) , A 1 (X)).
Under the assumptions in Theorem 1.3, we will show that the set S G (d ; c 2 , . . . , c a ) of isomorphism classes of semistable G-bundles {E} with degree d E = d and the Chern classes c i (ad(E)) = c i is bounded. We begin with an elementary lemma which allows us to use representations.
Lemma 5.1 There is a faithful completely reducible rational representation of G.
Proof For any irreducible representation ρ of G in a vector space V Let ker ρ be the kernel. We first show that N = ρ ker ρ , over all irreducible representation, is trivial. This is because if ρ 1 is a faithful representation of G (hence of N) on a vector space W then there is a filtration of W such that successive quotients are irreducible. This implies that the image ρ 1 (N) ⊂ GL(W ) lies in a parabolic subgroup and its image when composed with the projection to the Levi quotient is trivial. This implies that N is a unipotent normal subgroup scheme. Let N 0 be the identity component of N. Since G is connected, using the conjugation map G × N 0 −→ N defined by (g , n) → gng −1 we check that N 0 is normal. Again using conjugation map, this time from G × (N 0 ) red −→ N we see that (N 0 ) red is also normal. Since G is reductive this proves that N is a finite sub group scheme of G. Now using the conjugation map for the third time we get that N is central and hence it is diagonalizable. Now we see representation ρ 1 restricted to N is trivial which is a contradiction. Now by dimension count and the length count we can find finitely many irreducible representations ρ i , for i = 1 , . . . , m, of G such that m i=1 ker(ρ i ) = 0. This proves the lemma. We also have another general lemma.
Lemma 5.2 Let ρ : GL n −→ GL(W ) be a representation of GL n . Let E 1 and E 2 be two GL n bundles over X such that c i (E 1 ) = c i (E 2 ) for each i. Then we have c i (E 1 (W )) = c i (E 2 (W )) for each i.
Proof Let A * (BGL n ) (respectively A * (BGL(W ))) be the Chow ring of BGL n (respectively BGL(W )). Then one knows that A * (BGL n ) ∼ = Z[c 1 , . . . , c n ](see [23] ).
The representation ρ gives rise to the map ρ * : A * (BGL(W )) −→ A * (BGL n ). Now we have the classifying maps f E i : X −→ BGL n for i = 1 , 2. The conditions of the lemma imply that the induced maps f
